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Abstract

In this paper, we obtain sharp coefficient bounds for functions analytic in the unit

disc U and belonging to the class R(a, b, M), b # 0 is a complex number, o > 0.

1. Introduction

Let A denote the class of functions

o0

flz)=z+ Zanz”, (1.1)

n=2
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which are analytic in the unit disc U. Also denote by S the subclass of A,
consisting of all univalent functions in U. Let Q denote the class of
bounded analytic functions w in U satisfying the conditions w(0) = 0 and

lw(z)| < |z| for z e U. For f e A, we say that f belongs to the class
F(b, M)(b # 0, complex, M >1/2), of bounded starlike functions of

complex order, if and only if @ # 0 in U and for fixed M,

b—1+zfl(2)

Tf(z)—M <M, zeU. (1.2)

The class F(b, M) was studied by Nasr and Aouf [6].
In the present paper, we consider the class R(a, b, M) of functions
f € A, satisfying the condition

‘b_]__i_w

1-a
E)f(z)] -M <M, M>1/22€eU,a=0), (1.3)

where b # 0, complex. We note that R(1,1, ©) = R(1)= R [5] and
R1,1-a, ©) = R,(0 < a <1) (Ahuja [1]).

We can easily show that f € R(a, b, M), if and only if there exists a
function w € Q such that [3]

+b{[f(2)]l‘°‘ 1} e R 7 R O

Thus, from (1.4), it follows that f € R(o, b, M) if and only for z € U

217%(2) _ 1+ (@ +m)b - mlw(z)
[f(z)]l—a 1 - mw(z)

, w(z)eQ,mzl—%,azO. (1.5)

We shall need the following lemmas in our investigation:
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Lemma 1.1 ([7]). Let the function w defined by
w(z) = chzk, (1.6)
k=1

be in the class Q. Then |c;| <1 and |cg| <1 - |cl|2.

Lemma 1.2 ([2]). Let the function w defined by (1.6) be in the class Q.
Then

|Cz - “C]?l < max{l, h‘ll}’ (17)

for any complex number n. Equality in (1.7) may be attained with the
functions w(z) = 2% and w(z) = z for vl <1 and |y| = 1, respectively.

Lemma 1.3 ([4]). If p;(z) =1+ ¢z + 0222 + .-+ is an analytic function
with positive real part in A, then

—4v + 2, if v<0,
g —vel| <42, if 0

4v — 2,

<v <1,

if v>1,

when v <0 or v>1, the equality holds if and only if pi(z) is
(L+2)/(Q-2z) or one of its rotations. If 0 < v <1, then equality holds if

and only if py(z) is (1+22)/(1-2%) or one of its rotations. If v = 0,
then equality holds if and only if

1 1 1+z 1 1 1-z
(X L Z_= <y<1
p1(2) (2+2v)1_z+(2 2v)1+2, (0<y<1),

or one of its rotations. If v = 1, then equality holds if and only if p;(z) is
the reciprocal of one of functions such that the equality holds in the case of

v = 0. Also, the above upper bound is sharp and it can be improved as
follows when 0 < v < 1:

leg —ve? |+ 0| <2, (0<v<1/2),
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and
¢y — vef| +(1—v)|c1|2 <2 (1/2<v<1).
2. Main Result

Theorem 2.1. Let the function f defined by (1.1) be in the class
R(a,, b, M). Then

(a) for any complex number n, we have

9, (1+m)p 120+ o)f’m - (2 +a)(@u -1+ )1 +mb
|a3 - Ma2| < W max{l, 2(1 N a)z }
2.1)
(b)
a:iy[Q+afO+2m}{2ﬂﬂ@u—LHﬂﬂ+m%L ifu<oy,
lag—nad|< 2(1%”;)|b|, if 61 <p<oy,
_(1+ ? [(1+a)?(1+2m)-(2+a)2u-1+a)1+m)b], ifu=og,
o
(2.2)
where
20+ a)fm+(1-a)2+a)l+mh
o1 = 202+ a) (1L + mb ’
and

:2O+®2+O—®@+a%.

o2 22 + a)b

The result is sharp.
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Proof. Since f € R(a, b, M), we have

Z174(2) _ 140+ m)b - mlw(z) ’

(mzl—%naZOL 2.3)

O 1-muw(z)
where w(z) = Z 2" € Q. From (2.3), we have
k=1
Zl_af'(Z) .
1—-o
w(z) = [f(z)] , (2.4)
Zliaf'(z)
m ﬁ -1|+ (1 + m)b
[f(z)]
and then comparing the coefficients of z and z2 on both sides of (2.4), we
have
¢ = 1+ a)ay and ¢y = (2+a)ag _— l-0)2+a)d+mh 2.
1+mp @1+mp 21 + a)?
Thus,

_Qmbe =M{C2 +(m+ (l—a)(2+oc)(1+m)b}12}‘

92 l1+a 3 2+ 2(1+oc)2
Hence
1+m 2+a)2u-1+a)l+mb-201+a)im 92
o naf = rmBf (@ra)Euo1r0)0embo2raln o)
ta 2(1+a)

and therefore,

@+m)pl| (2+a)(2u—1+(x)(1+m)b—2(1+(x)2mcz

2
|lag — paz| < 2
2+a 21 + a)?

(2.5)

When p is a complex number, applying Lemmas 1.1 and 1.2 in (2.5), we

get (2.1) in Theorem 2.1(a).
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Our results now follows by applying Lemma 1.2 in (2.5). The result is

sharp for the function defined by

27
o [
m w—l}+(1+m)b,
{[f(z)]l“
when 20+ 0)?m — (2 + ) (2u — 1 + o) (1 + m)b)| .
| 21 + o)? .
and
27
.- [Fz)]
m w - 1} +1+m) ’
{[f(z)]l“‘ tem)

200+ a)Pm - (2+ o) (20 -1+ ) (1 + m)b)| -

when 5
2(1 + a)

Theorem 2.1(b) now follows by an application of Lemma 1.3 in (2.5). To
show that these bounds are sharp, we define the functions Kg)
8=23,...) by

—ar b T -
2K @] [ (e mpb - m* K$(0) = 0 = (K3(0)) -1,

(KT 1-mz%!

and the function F, and G,(0 <y <1) by
: _ o2z +)
Zl—a[Fy(Z)] B [1 + (1 + m)b m]( 1+ 72

[F,eF* 4 m(u)

1+ vz

j, F,(0) =0 = (F,(0)) -1,
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and
' -2(z+7y)
Sl-a [GY(Z)] [1+@1+mdb-m] (W) ,
= . G,(0)=0=(G,(0) -1.
(G, ()] 1m( z(zw)) 7(0) = 0=(G,(0))
1+vyz

Obviously, the functions Kg’ . F,, G, e R(a, b, M). Also we write
K® = Kg) If u < o7 or u > o9, then equality holds if and only if fis K°
or one of its rotations. When o; < p < o9, then equality holds if and only
if fis Kg) or one of its rotations. If n = o7, then equality holds if and
only if fis F, or one of its rotations. If p = o5, then equality holds if and

only if fis G, or one of its rotations.

If 6; <pu<oy, in view of Lemma 1.3, Theorem 2.1(b) can be
improved. Let f(z) given by (1.1) belongs to R(a, b, M) and o3 is given
by

_ @+ af@+2m)+(1-a)@+a)@+mh
' 22+ a)(1+mb '

O3

If 67 < p £ o3, then

@+a)2u-1+a)d+mhb-201+a)im af? < 20+ mpb

_ 2
|as - waz| + 22+ a)L+mp 2+ a

If 63 < p < o9, then

20+ - (2+a)@u-1+ak w2 < 20 emb

_ 2
las — a3+ 2(2 + a)b ol < =5
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